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Abstract: Design and applications of fractional order digital differentiators is the main objective of this paper. 

Fractional order differentiators are examples of fractional order systems. In this paper, a brief survey of the design 

techniques of fractional delay digital differentiator is given. Fractional delay filter is a device for band limited 

interpolation between samples. It finds applications in numerous fields of signal processing, including communications, 

array processing, speech processing, and music technology. In this paper, we present a review of FIR and all pass filter 

design techniques for band limited approximation of a fractional digital delay. Emphasis is on simple and efficient 

methods that are well suited for fast coefficient update or continuous control of the delay value. Various new 

approaches are proposed and several examples are provided to illustrate the performance of the methods. We focus on 

four applications where fractional delay filers are needed: synchronization of digital modems, in commensurate 

sampling rate conversion, high-resolution pitch prediction, and sound synthesis of musical instruments. 
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I.INTRODUCTION 

One fundamental advantage of digital signal processing techniques over traditional analog methods is the easy 

implementation of a constant delay: the signal samples are simply stored in a buffer memory for the given time. This 

technique works perfectly as long as the desired delay is a multiple of the used sample interval. However, when a delay 

of a fraction of the sample interval is needed or, particularly, if it is desired to control the delay value continuously, 

more sophisticated methods must be used. The problem of implementing a fractional delay (FD) by digital means 

occurs in several applications. In one of the first treatments on the subject [1], a digital phase shifter was proposed for 

three problems: echo cancellation, phased-array antenna processing, and pitch-synchronous synthesis of speech.  

 

For continuous time case, some methods for obtaining an approximated rational function using evaluation, interpolation 

and curve fitting techniques have been studied. These methods include Carlson’s method, Roy’s method, Chareff’s 

method and Oustaloup’s method [2]–[5]. For discrete time case, there have been several methods presented to design 

FIR and IIR filters for implementing the operator, including fractional differencing formula, Tustin method, Taylor 

series expansion method, continued fraction expansion, least-squares method and generalized mean method [6]–[12]. 

 

This paper is organized as follows: In section II definition of fractional delay filter is explained.  And response of ideal 

fractional delay filter is explained. In Section III, a detail literature review of fractional delay and fractional order is 

described.  Finally the conclusion is made. 

 

II. FRACTIONAL DELAY FILTER 

A fractional delay filter is a filter of digital type having as main function to delay the processed input signal a fractional 

of the sampling period time. There are several applications where such signal delay value is required, examples of such 

systems are: timing adjustment in all-digital receivers (symbol synchronization), conversion between arbitrary 

sampling frequencies, echo cancellation, speech coding and synthesis, musical instruments modeling etc. 

In order to achieve the fractional delay filter function, two main frequency-domain specifications must be met by the 

filter. The filter magnitude frequency response must have an all-pass behaviour in a wide frequency range, as well as its 

phase frequency response must be linear with a fixed fractional slope through the bandwidth. Several FIR design 

methods have been reported during the last two decades. 
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There are two main design approaches: In first one, the fractional delay filter coefficients are easily obtained through 

classical mathematical interpolation formulas, but there is a small flexibility to meet frequency domain specifications. 

On the other hand, the frequency-domain methods are based on frequency optimization process, and a more frequency 

specification control is available. One important result of frequency-domain methods is a highly efficient 

implementation structure called Farrow structure, which allows online fractional value update. 

 

 

A. Ideal Fractional Delay 

The delayed version of a discrete-time signal x (n) may be represented as 

y (n)=x(n-D)                                    (1)                                                                                                  

where D is a positive integer that denotes the amount by which the signal is delayed. D can be split into the integer and 

fractional part as                                        

D=int(D) + d                                    (2)                                                                                                   

However, Eq. 1 is meaningful only for integer values of D. In that case, the output sample is one of the previous signal 

samples, but for non integer values of D, the output value would lie somewhere between two samples, which is 

impossible (Fig. 1). Instead, the appropriate values on the sampling grid must be found via band limited interpolation. 

The problem can be solved by viewing a delay as a resampling process. 

 

 

Fig. 1: Delaying of (a) a continuous-time signal and (b) a discrete time signal. 

 

The desired solution can be obtained by first reconstructing the continuous band limited signal and then resampling it 

after shifting. The task is thus related to interpolation in multirate filter design techniques or sampling rate conversion 

in general. Note, however that our basic constraint is to keep the sampling rate unchanged. 

In earlier digital signal processing theory, D can only take integer values. In other words, if the desired continuous-time 

delay is 𝜏 and the sampling period is T, the value of D may be obtained by rounding off the result of 𝜏 /T to the nearest 

integer. In many signal processing applications it is desirable that the delay D accurately represent the fractional delay, 

rather than the integer delay. If the Z-transform of Eq. 1 is taken, the transfer function of an ideal delay element may be 

written as                                                                                                              

Hid (z)=
Y(z)

X(z)
=z−D                                           (3)         
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In the frequency domain, the ideal fractional-delay filter can be described as 

 

Hid  ejω = H Z = e−jωD  for z=𝑒𝑗𝜔                               (4)          

                                                           

The magnitude response for an ideal delay element is unity for all frequencies, while the phase response is linear with a 

slope of -D. This can be called an all pass system with linear phase response. 

 

 Hid  ejω  = 1 for all ω                              (5)            

                                                                         

 arg Hid (ejw ) = −Dω                                   (6)        

                                                                                             

Assuming that the discrete-time signal represents a band limited baseband signal, the implementation of a constant 

delay can be considered as an approximation of the ideal discrete-time linear-phase all pass filter with unity magnitude 

and constant group delay of the given value D. The corresponding impulse response is obtained via the inverse 

discrete-time Fourier transform 

h(n)=
1

2π
 H(ejω)ejωn dω

π

−π
  for all n                               (7)                 

                                                  

Substitution of Eq. 1.4 into Eq. 1.7 yields the solution for the ideal impulse response as 

 

hid  n =
sin ⁡[π n−D ]

π(n−D)
=sinc(n-D)  for all n                             (8)                                                                         

When the desired delay D assumes an integer value, the impulse response Eq. 8 reduces to a single impulse at n = D, 

but for non integer values of D the impulse response is an infinitely long, shifted and sampled version of the sinc 

function. 

 

Fig. 2 Impulse response of an ideal delay Filter with the delay a) D = 3 and b) D=3.3. 
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III. LITERATURE REVIEW 

In [13], explains the design of sinusoid-based variable fractional delay FIR filter is presented. First, the coefficients of 

filters are expressed as the linear combination of sinusoidal basis by using the Fourier series expansion. Then, by 

minimizing the weighted squares errors of frequency response, the optimal linear combination coefficients are obtained 

by solving a set of linear simultaneous equations. Finally, the design examples are used to demonstrate that the design 

error of proposed sinusoid- based method is smaller than the one of conventional polynomial-based method for the 

same truncation order. 

 

 In [14], explains Lagrange-type variable fractional-delay (VFD) digital alters can be directly implemented as the well-

known Farrow structure, but the fixed coefficient filters (sub filters) do not have symmetric or anti-symmetric 

coefficients. This paper presents a transformation matrix for transforming a causal odd-order Lagrange-type VFD filter 

into a new one whose all the sub filters have either symmetric or anti symmetric coefficients. As a result, the number of 

multipliers can be reduced by almost 50%, which not only speeds up the VFD filtering process, but also saves the cost 

for storing the independent sub filter coefficients. 

 

 In [15], explains a new design method for fractional delay filters based on truncating the impulse response of the 

Lagrange interpolation filter is presented. The truncated Lagrange fractional delay filter introduces a wider 

approximation bandwidth than the Lagrange filter. However, because of truncation, a ripple caused by the Gibbs 

phenomenon appears in the filter's frequency response. Proper choices of filter order and prototype filter order allow 

adjusting the overshoot to a desired level and simultaneously reducing the overall frequency-response error. The design 

of the proposed filter is computationally efficient, because it is based on polynomial formulas, which have common 

terms for all coefficients.  

 

In [16], explains a new approach to the design of fractional delay discrete-time filters based on a multirate approach. 

We considered the case where it is necessary to generate a delay which is a ratio of very high integers. In order to 

obtain an efficient filter we propose a modification of the general poly phase structure for fractional delay. 

 

In [18], explains the Taylor series expansion is used to transform the design problem of a fractional delay filter into the 

one of a first-order differentiator such that the conventional finite-impulse response and infinite-impulse response 

differentiators can be applied to design a fractional delay filter directly. The proposed structure is more efficient than 

the well-known Farrow structure in terms of filter coefficient storage because only one first-order differentiator needs 

to be designed and implemented. Moreover, one design example is demonstrated to illustrate the effectiveness of this 

new design approach.  

 

In [19], explains a new variable fractional delay filter design method using a differentiator bank is presented. First, the 

Taylor series expansion is used to transform the specification of a variable fractional delay filter into that of a 

differentiator bank. This transform makes the design problem of the fractional delay filter reduce to the design of 

differentiators with different orders. A simple window method is proposed to design the differentiator bank. Finally, 

design examples are demonstrated to illustrate the effectiveness of this new design approach. 

 

In [20], explains a digital fractional order differentiator is designed by using fractional differencing and fractional 

sample delay. To improve the design accuracy of the conventional fractional differencing design method at high 

frequency region, the integer delay is replaced by fractional sample delay. By using the well-documented FIR Lagrange 

and IIR allpass fractional delay filters, the proposed fractional order differentiator can be implemented easily even 

though the fractional sample delay is introduced. Several design examples are illustrated to demonstrate the 

effectiveness of the proposed method. Table. 1 shows the design method of FIR fractional delay filter. 

 

In [22], explains the design of a digital differentiator is investigated. First, the relation between fractional sample delay 

filter and digital differentiator is established such that the differentiator can be obtained from the fractional delay fillter 

by using the computation of limit. Then, conventional finite impulse response (FIR), allpass and Farrow-based 

fractional delay filters are directly applied to design the digital differentiator. Finally, several design examples are 

illustrated to demonstrate the effectiveness of this new design approach. 

 

In [23], explains the design of variable fractional delay filter using expansions of hyperbolic functions is presented. 

First, the ideal frequency response is decomposed into the sum of hyperbolic cosine and sine functions. Then, the 

power series expansions of hyperbolic functions are used to implement and design variable fractional delay filter. Next, 
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the infinite product expansions of hyperbolic functions are also applied to obtain another design method of variable 

fractional delay filter. Finally, the numerical examples are demonstrated to show the effectiveness of the proposed 

design approaches. 

 

Table I Design method of FIR fractional delay filter 

 

Design method of FIR Fractional Delay Filter 

S. No. Method Parameter Used Design Techniques 

 

A LS –Based FIR 

Design 

   

1 Ideal Sinc N D 

 

Closed form 

 

Theoretical use 

 

2 Truncated Sinc N D 

 

Closed form 

 

Gibbs Phenomenon 

 

3 Windowed Sinc N D window 

 

Closed form 

 

Window function 

4 Smooth Transition 

Function 

N D  transition 

func 

 

Closed form 

 

 

5 Complex LS Design N D 

 

Matrix Eq Least square error 

 

6 Discrete Complex LS  

Design 

N D grid 

 

Matrix Eq  

7 Stochastic LS Design N D signal 

spectrum 

 

Matrix Eq Power spectrum of 

the signal 

 

B Maximally Flat 

Design 

   

1 Lagrange Interpolation N D 

 

Closed form 

 

 

C Equiripple Design    

1 Oetken Method 

 

N D prototype FIR 

filter 

 

Matrix Eq. 

 

 

D .Multirate Method    

1 Polyphase Design 

 

N D FIR filter 

 

High order FIR 

design 

 

 

E FIR Delay Control    

1 Fourier Transform 

Method 

N D prototype FIR 

filter 

 

Matrix Mult. 

 

 

2 General Oetken 

Method 

N D FIR filter+ 

poles 

 

Matrix Eq. 

 

 

3 Farrow Structure N D P set of FIR 

filter 

 

Polynomial 

Approximation 

 

 

 

VI.CONCLUSION 

In this paper, we consider the general problem of approximation of a delay that is a fractional part of the sampling 

interval as well as the fractional order that is the important part of fractional derivative. Both FIR fractional order and 

FIR fractional delay filter design techniques have been reviewed. The fractional delay approximation and fractional 

order calculation are generic problems which is encountered in several fields and applications of DSP. 
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