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INTRODUCTION
To study nucleus-nucleus scattering at medium and high energies, a generalization of Glauber multiple scattering 

approximation [1], to nucleus-nucleus collision was obtained and applied to deuteron-deuteron collision at incident momentum 
in the range 1.5-4.4 GeV/c [2]. Czyz and Maximon presented a model for nucleon-nucleus and nucleus-nucleus scattering in the 
framework of Glauber model [3]. They used their approach with inclusion of Coulomb effect to study α-4He elastic scattering at 
laboratory momentum 7.33 GeV/c [4]. The Coulomb effect was observed at the minima. Franco and Varma used the expansion 
of optical phase shift function of nucleus-nucleus collision to study light nuclei scattering at 0.87 GeV/nucleon and 2.1 GeV/
nucleon [5].  In the same approach Varma showed that the agreement with experimental data of α-4He elastic scattering at α 
incident momenta 4.32 GeV/c and 5.05 GeV/c has improved considerably when short-range dynamical correlations in nuclei 
were introduced [5,6].

The rigid projectile model [7] and Czyz-Maximon model [3] were used to interpret the measurement results of Satta et al [8] for 
α-4He elastic scattering differential cross section at α incident momentum 7 GeV/c. The rigid projectile model could not describe 
the experimental data, while Czyz-Maximon model can be used with further theoretical improvement. 

Using multiple scattering Glauber theory, Franco and Yin [9,10] introduced nucleonnucleon amplitude phase variation 
to investigate α- 2He, 3He and 4He elastic scattering at medium energies, 4.32 GeV/c, 5.07 GeV/c of [11] and 7 GeV/c of  
Satta et al. [8]. The inclusion of the phase variation leads to a clear improvement in agreement with the experimental data.  

Usually, the Single-Gaussian wave function of 4He was used in many works to calculate α-4He cross sections. However, 
Usmani et al, in the framework of Glauber multiple scattering model, show that the results with Double-Gaussian model wave 
function of 4He at α- particle momenta 4.32 GeV/c, 5.07 GeV/c, and 7.0 GeV/c, were closer to experimental data of α-4He cross 
sections as compared to the results of Single-Gaussian model. Also, in the same multiple scattering theory, the same authors [12], 
used two correlated variational wave functions as given by two different potentials to calculate α-4He elastic scattering differential 
cross section at 4.32 GeV/c [13]. These two wave functions gave fairly acceptable results.  

Despite, the satisfactory results of the previous works, there is still a place for other additives that may improve the obtained 
results and take into account some effects that have not been taken before.  

In this article we will use the optical limit approximation of Glauber theory to calculate α-4He elastic scattering differential 
cross section at the incident momenta 4.32 GeV/c, 5.07 GeV/c [11] and 7 GeV/c [8] for α particle. The zero spin and isospin of the 
α-particle simplify the cross-section calculations of α-4He elastic scattering. We know that the α-particle is a composite particle 
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pointing to 4Henucleus. Therefore, the Glauber formalism of α-4He is the same as 4He-4He Hescattering formalism.       

Many suggestions were used to obtain a good fit with the α-4He elastic scattering data, see [4-7,9,10,12,13].  For example, a good 
agreement with the experimental data of [11] at 4.32 GeV/c, 5.07 GeV/c and of [8] at 7 GeV/c was obtained by the inclusion of the 
phase variation of nucleon-nucleon amplitude [9,10]. However, the phase variation has different meaning from different points of 
view. In [9,10] the authors considered the phase variation as a proper property of the nucleon-nucleon amplitude. While in [14] the 
authors considered the phase variation as a result of collision, meaning that the amplitude of the first collision has no phase 
variation, but, the amplitude of the second collision has a phase variation due to the first collision and so on. At the same time, 
the phase variation effect can be clearly observed at minima, as well as the Coulomb effect, and at each minimum we need a 
certain value for the phase variation parameter to obtain an agreement with the data. This value is different at the other minimum.  
Therefore, we try to use the three-nucleon force correction to obtain reasonable description of the data. We can consider that the 
three-nucleon force represents, in the framework of the meson theory, a clear physics as a result of 2π exchange between three 
nucleons.   

The used approach to introduce the three-nucleon force effect was suggested at first in [15] for particle-nucleus scattering 
at medium and high energies and applied on hadrondeuteron elastic scattering in the framework of multiple scattering theory of 
Glauber. The same approach was formulated for hadron-deuteron elastic scattering in optical limit approximation of Glauber [16]. 
This approach was applied for p-3He and p-4He to study the three-nucleon force effects [17,18]. Also, the authors in [19,20] generalized 
this approach, in the framework of optical limit approximation, to study three-quark force in proton-proton elastic scattering as 
composite particles of three quarks constituents at ISR and LHC energies. In all these works the importance of the three-nucleon 
or three-quark forces was proven. Therefore, we try to use the generalization of [19,20] to study three-nucleon force effect in nucleus-
nucleus elastic scattering in the framework of optical limit approximation. It should be remembered that this generalization can 
also be used in the framework of Glauber multiple scattering theory.

THE MODEL
In the optical limit approximation, the scattering amplitude F(q) of nucleus-nucleus elastic scattering is given by [1,16,19]

( ) exp{ . }[1 exp{ ( )}],     (1)
2 opt
ikF q db iq b ix b
π

= −∫

where q is the momentum transfer vector, b is the two- dimensional impact vector between the mass centers of the two 
nuclei and k is the momentum of incident nucleus. The total optical limit phase shift xopt(b), including three-nucleon force [16, 19], 

is ( ) ( ) ( )     (2)t th
optx b x b x b= +

where, xt(b) is the two-nucleon force phase shift, xth(b) is the three-nucleon force correction. From the additivity property of 

the phase shift for the two-nucleon and three-nucleon force phase shifts, we have 
,
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where ( )t

ij bx  is the two-nucleon force phase shift, ( )

th

i jlx  is the three-nucleon force  correction where the nucleon j and 

nucleon l are target nucleons and ( ) ( )th

im j bx  is the three-nucleon force correction where nucleon i and nucleon m are incident 

nucleons. In this approach, i(jl) means that the incident nucleon i collides with the target nucleon j and, at the same time, the 
target nucleon j interacts with another target nucleon l. Also, (im)j means that the incident nucleon i collides with the target 
nucleon j and, at the same time, the incident nucleon i interacts with another nucleon m in the incident nucleus. In terms of two-

nucleon and three-nucleon force profile functions ( )t
ij ijbΓ , ( ) ( , ' )th

i jl ij jlb sΓ  and ( ) ( , )th
im j ij imb sΓ  the phase shifts ( )t
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im j bx  are [1,16, 19].
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where 1({ } PA
p k krψ =  and ({ ' } =1   are the ground state wave functions of the incident and target nucleus, respectively, 

1{ } PA
k kr =  and '

1{ } TA
k kr =  are the position vectors of nucleons inside the incident and target nuclei, respectively. The Dirac δ function 

expresses a constraint on the 5 nucleus center of mass. The vectors  bij = b - si + s'j, s'jl = s'j -  s'l mand im i ms s s= −  where si and 
s’j are the projections of the position vectors ri and r’j on the impact plane.

The two-nucleon force profile function ( )t
ij ijbΓ and the three-nucleon force profile functions ( ) ( , ' )th

i jl ij jlb sΓ and 
( ) ( , )th
im j ij imb sΓ are taken as follows [16,19].
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4 2
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Γ = −

2 2
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1( , ) ( ) exp{ ( , )},   (10)th
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γ
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where ijσ , ijε  and ijβ  are  total cross section of nucleon-nucleon collision, the ratio of real part to imaginary part of the 

amplitude in the forward direction and the slope parameter, respectively. The quantities ( ) ( ) ( ) ( )( , , , , )i jl i jl im j im jA B A B γ  are the 
three-nucleon force parameters.

For α-4He scattering the mass numbers AP=AT=4 and 4He wave function is taken in the Gaussian form.

( )
9 2

2 2 2 2
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The constant α is related to the root mean square radius 
1/22r  of 4He nucleus by the relation 

1/22 3
2 2

r
α

= . For 

1/22r  we take the experimental value of point nucleon density radius, 
1/22r =1.455 fm [21]. This value was obtained, also, by 

using different nucleon-nucleon potentials, CD-Bonn 2000 potential [21], Nijmegen and Reid Soft Core potentials [22]. Thus, we get 
α=0.729 fm-1.

Consider the coordinate transformations
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The wave function Ψ in the new coordinates takes the form
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= − + + represent the center of mass 

motion and relative motion in the nucleus, respectively. Using the new coordinates and integrating over R and R’ the phase shifts

( )t

ij bx , ( )

th

i jlx and ( ) ( )th

im j bx  for α-4He elastic scattering take the forms.
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In these integrals
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and similar relations for ⊥. The sign ⊥  means the projection on the impact plane. 

Using the equation (2) and expansion of exp{ ( )}optix b  as an infinite series, we get
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The first term in (19) where n=1, from equations (15), (16) and (17), is

( ) ( )
, ,( , ) , ,

2 2

,

2 2
( )

, ,1

[ ( ) ( ) ( )]

[ ' ' ' ( , , ) ( ', ', ') ( )

' ' ' ( , , ) ( ', ', ') ( , ' )                  (2

t th th

ij i jl im j
i j i j l i m j

j i i m

t
P T ij ij

i j

th
P T i jl ij jl

i j
j l

i b b b

dudvdwdu dv dw u v w u v w b

dudvdwdu dv dw u v w u v w b s

x x x

ϕ ϕ

ϕ ϕ

≠ ≠

≠

− + +

= Γ

+ Γ

∑ ∑ ∑

∑∫

∑∫
2 2

( )
, ,

0)

' ' ' ( , , ) ( ', ', ') ( , )th
P T im j ij im

i m j
i m

dudvdwdu dv dw u v w u v w b sϕ ϕ
≠

+ Γ∑ ∫

which represents the single scattering processes. It is clear that the first term in (20) represents the single scattering without 
the three-nucleon force correction. The second term represents the single scattering with the three-nucleon force correction which 
is coming from the target nucleons and the last term represents the single scattering with the three-nucleon force correction 
which is coming from the incident nucleons. At the same time, we can say that the first term in equation (16), i.e. equation (17), is 
the first order approximation inside the optical limit approximation. The other terms in the expansion (16) with higher orders do not 
represent multi-scattering terms. They are only corrections to the first approximation. These phase shifts are obtained analytically 
and the long formulas of phase shifts and elastic scattering amplitude F(q) cannot be presented here. 

The α-4He elastic scattering differential cross section is calculated using the relation 

2 = 2 | ( )|2             (21) 

and the calculations performed up to the fifteenth order of expansion (19). The higher orders after tenth order do not have 
any effects, approximately.

RESULTS AND DISCUSSION
The differential cross sections of α-4He elastic scattering at 4.32 GeV/c, 5.07 GeV/c and 7 GeV/c are calculated including 

three-nucleon force in the optical limit phase shift function. For the three nucleon force parameters we will assume that A(im)

j=Ai(jl)=A and B(im)j=Bi(jl)=B for all I, j, l, m [17,18]. The values of nucleon-nucleon parameters ijσ , ijε , ijβ  are taken from [10] where 
,pp pnσ σ σ= =  pp pnε ε ε= =  and  pp pnβ β β= = . These values and the three nucleon force parameters A and B are given 

in the Table 1.

The results of the calculations with the parameter values in Table 1 are presented in Figure 1 for the momenta 4.32 GeV/c, 
5.07 GeV/c and 7 GeV/c, respectively. The solid and the dashed curves represent the results of optical limit approximation 
with and without three-nucleon force. It is clear that, the dashed curve can describe the data in the forward direction where 

2 20.1( / )q GeV c≤ for 4.32 GeV/c and 5.07 GeV/c and for 2 20.25( / )q GeV c≤  at 7 GeV/c. In general, out of these ranges 
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for q2 the two-nucleon calculations are in disagreement with the experimental data and we need another effect to obtain an 
agreement with the data in these ranges. In fact, the low values of the differential cross section in the optical limit approximation, 
where the two-nucleon force is only considered, is due to the absence of multi-scattering terms. But this is not the only reason 
for the disagreement with the experimental data. For example, in the framework of Glauber multiple scattering theory with two-
nucleon force only, α-4He elastic scattering calculations at the energy of order 1 GeV, are in disagreement with the data for 

2 20.2( / )q GeV c>  [18]. The agreement was obtained by inclusion of the three-nucleon force.

To calculate the three-nucleon force contributions, the values of the parameters A and B in the Table 1 are used. These 
values give a better agreement with the differential cross section data. To calculate the three-nucleon force parameter γ, we 
consider the uncertainty relation of energy and time △ △ ≥ ℎ  for 2π exchange three-nucleon force. In this case we take 

△ = 2 and △ t= ℎ   where Eπ is the mass of π meson particle and rth is the radius of three-nucleon force. Therefore,  

197.3 0.705 0.7
2 280th
hcr fm
Eπ

≈ = = ≈ . At the same time, from the profile function of the three-nucleon force we can consider 

thr γ=  [16,19]. Thus 2
thrγ = =0.49 fm2=12.585 (GeV/c)-2. This value of γ is independent of energy.

The results of calculations for (two-nucleon+three-nucleon forces) of α-4He elastic scattering differential cross section are 
presented by solid curve in Figure 1 at 4.32 GeV/c, 5.07 GeV/c and 7 GeV/c, respectively. It is clear that, the three-nucleon 
force effect is clear and important to obtain an agreement with the experimental data, especially for 2 20.1( / )q GeV c>  at all 
momenta. In general, the obtained results prove the importance of three-nucleon force as well as the usefulness of the used 
approach.

Finally, we try to discuss the value of slope parameter of nucleon-nucleon scattering amplitude. We try to consider 
the determination method of slope based on the radius of nucleon-nucleon interaction. This radius rt is related to the mass 
of the field particle of strong interaction, π- meson, through the uncertainty relation of time and energy, where we can get

197.3 1.4
140t

hcr fm
Eπ

≈ = = . At the same time, from the two-nucleon force profile function, equation (6), we can consider

2tr β= . Thus
2

2 20.98( ) 25.171( / )
2
tr fm GeV cβ −= = = . This value of slope parameter is considered large with respect to 

the values which are used at the medium energies [6, 10]. However, with decreasing the slope parameter the radius of interaction 

decreases. For example, from the relation 2tr β=  with 25.6( / )GeV cβ −=  [10], we get rt =0.66 fm. Thus, the mass of field 

particle is 
197.3 298.94
0.66t

hcE MeV
r

≈ = ≈ , which is not acceptable in the meson theory for strong force between nucleons. 

It is intriguing yet the results of nucleus-nucleus (α-4He) elastic scattering differential cross section at the considered medium 
energies with the large value of the slope parameter β=25.171 (GeV/c)-2. The results of calculations with the same other nucleon-
nucleon parameters of Table 1 are given in Figure 2.  The parameters A and B of Figure 2 are greater than this parameter of  
Figure 1. But, they are of the same order, approximately, See Table 2.

From Figure 2 and Table 2, where the values of x2 for each case are given, we can see that the results with large value of 
slope parameter are slightly improved from the results of Figure 1, where the values of slope parameter are relatively small. In 
order to feel this improvement clearly, we can look at the Figure 3, where the results of (two-nucleon force + three nucleon force) 
are presented in the two cases.

The difference between the results of Figure 1 and of Figure 2 is clear in the case of two nucleon force calculations, the 
dashed curves in both figures. The differential cross section with large value of slope parameter and two-nucleon force only is 
clearly lower than the corresponding results of Figure 1. This is because the large value of the slope parameter leads to a quick 
decrease of the two-nucleon force profile function. Therefore, we have lower values for the differential cross section. The increase 
of the three-nucleon force parameters (A, B) is to compensate the decrease in the two-nucleon force cross section. However, the 
shapes of the dashed curves in both figures are similar. 

Plap, GeV/c σ, mb ε β, (GeV/c)-2 A B

4.32 32.3 -0.02 1.86 0.2 0.4

5.07 39.9 -0.2 2.92 0.1 0.25

7 44 -0.23 5.6 0.05 0.55

Table 1. Nucleon-nucleon and three-nucleon force parameters. The values of nucleon-nucleon parameters at 4.32 GeV/c, 5.07 GeV/c and  
7 GeV/c are taken from [10]. A and B are fitting parameters.
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Figure 1. α-4He elastic scattering differential cross section at 4.32 GeV/c, 5.05 GeV/c and 7 GeV/c is presented. The solid and dashed curves 
represent the results with and without three-nucleon force, respectively.  The data at 4.32 GeV/c and 5.05 GeV/c are taken from [11] and at 7 
GeV/c are taken from [8].

 

 Figure 2. Same as figure 1, except the value of the slope parameter, pp pnβ β β= = = 25.171(GeV/c)-2.

 

 Figure 3. The solid curve represents the results with the slope parameter values of Table 1. The dot-dashed curve represents the results with 
the value β=25.171(GeV/c)-2. In both cases the three-nucleon force is considered.
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Now, we have a principal question: Which of the slope parameter values can be used? The value taken from the data of two 
free nucleons scattering, or that related to the general concept considering the meson theory. Especially, the differential cross 
section results of the second case are, in general, slightly improved from the results of the first case, see Figure 3.

To ensure the accuracy of the results in both cases of slope parameter, the x2 values at different momenta are calculated, 
see Table 2. The relatively small values of x2 at the two momenta 4.32 GeV/c and 5.07 GeV/c for 225.171( / )GeV cβ −=  are 
clear. At the same time, for this value of slope parameter, the x2 value is relatively large at 7 GeV/c. This may be due to the wide 
range of 2 2 2,0 4( / )q q GeV c< ≤  with large number of data points.	

SUMMARY
In the framework of optical limit approximation with inclusion of the three-nucleon force effect we obtained a reasonable 

agreement with the experimental data of α-4He elastic scattering differential cross section at incident momenta 4.32 GeV/c, 
5.07 GeV/c and 7 GeV/c. The three-nucleon force contributions are clear at all values of q2. A relation between the radius of 

two-nucleon interaction and the slope parameter β, 2tr β= , is used to calculate the value of β for any two nucleons and at 
any energy. With the value of β which is calculated by this way, we have for the differential cross section with three-nucleon force 

inclusion improved results from the case of different values of β at different energies. With the formula 2tr β= , we have an 

explicit physical basis to calculate unique value of the slope parameter at all energies, assuming that the radius of two-nucleon 
interaction does not change with energy. 
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